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SI Model
Chemical Model of Gene Expression.We consider the model of gene
expression in a two-step cascade. The transcription factor (TF) R
is constitutively expressed from the promoter OR and downregu-
lates the expression of the target protein P. The operator region
of the target gene O includes n TF binding sites. Binding of the
TF to one of the operator sites completely prevents an attach-
ment of RNA polymerase (the promoter overlaps the operator).
The products of gene expression, mRNA of the regulatory gene
MR, mRNA of the target geneM, and proteins are degraded with
single-step mechanism. We assume that there is only one copy
number of the promoters.

The reactions taking part in the regulation (Table S2) impose
that at steady state,

k1onR · O ¼ k1offRO;…;knonR · Rn−1O ¼ knoffRnO; [S1]

whereO denotes the probability that the operator is free and RnO
denotes the probability that the operator is bound with n repres-
sors. Further calculations hold when the total number of TF mo-
lecules is greater than 1; i.e., the binding of the R to the operator
does not change significantly the concentration of free repressors.
Using Eq S1 and the fact that the probabilites add up to 1, we get

Oþ R · O
k1on
k1off

þ…þ R · Rn−1O
knon
knoff

¼ 1. [S2]

The transcription rate of the target gene is given by the probabil-
ity that the operator is free, multiplied by reaction rate for the
mRNA synthesis km. This probability (for one copy of DNA)
can be considered as a transfer function (dose–response function)
hðRÞ and is equal to

hðRÞ ¼
�
1þ k1on

k1off
Rþ⋯þ k1on…knon

k1off…knoff
Rn

�
−1
: [S3]

In case of independent binding sites, the reaction rate constants
are expressed in terms of microscopic constants koff , kon
(knon ¼ nkon, knoff ¼ nkoff), and the transfer function is given by

hðRÞ ¼
�
1þ kon

koff
R
�

−n
: [S4]

On the other hand, in case of a strong positive cooperative bind-
ing, for which the complex with n occupied binding sites domi-
nates, Eq. S3 can be approximated with the Hill equation

hðRÞ ¼
�
1þ k1on…knon

k1off…knoff
Rn

�
−1
: [S5]

Without transcriptional and translational noises (i.e., in the
case of a very large number of mRNA and protein molecules),
the stationary numbers of mRNA and target protein molecules
for a given number of repressors R can be calculated from the
deterministic rate equations:

dM
dt

¼ kmhðRÞ − kdmM;
dP
dt

¼ kpM − kdpP: [S6]

SI Results
Transformation of Probability Density Functions.When hðRÞ is either
a monotonically increasing or decreasing function of a random
variable R with an associated probability density function pðRÞ,
then the values of h are distributed with the probability density
function

qðhÞ ¼ pðRðhÞÞ
����dRðhÞdh

����; [S7]

where RðhÞ is the inverse function of hðRÞ. Because the probabil-
ity density functions are normalized, the area under their graphs
must be conserved: jqðhÞdhj ¼ jpðRÞdRj. The formula can be ob-
tained by the change of variables in the integration:

ProbðhðR1Þ < h < hðR2ÞÞ ¼ ProbðR1 < R < R2Þ ¼
Z

R2

R1

pðRÞdR

¼
Z

hðR2Þ

hðR1Þ
pðRðhÞÞ

����dRðhÞdh

����dh
¼

Z
hðR2Þ

hðR1Þ
qðhÞdh: [S8]

(The absolute value is needed when hðRÞ is decreasing.)
The formula of Eq. S7 for distribution transformation can be

used for any TF distribution (e.g., bimodal) as it may happen in
three-gene cascades. In such cases, there is no general and
straightforward method of calculation of the conditions for the
bimodality of the target protein distribution.

The geometric construction presented in this paper is valid for
the simplified cases when the TF binding is completely indepen-
dent or completely cooperative. The cases of more complicated
transfer functions are not tractable with this method. However,
distributions of TFs can be calculated using Eq. S7 for an arbi-
trary transfer function.

Derivation of the Geometric Construction. In order to find the con-
ditions for bimodality of qðhÞ, we look for extrema of qðhÞ:

dqðhÞ
dh

¼ 0. [S9]

Substitute Eq. S7 into Eq. S9:

dpðRÞ
dR

�
dRðhÞ
dh

�
2

þ pðRðhÞÞ d
2RðhÞ
dh2

¼ 0; [S10]

where pðRÞ is given by the gamma distribution:

pðRÞ ¼
Rα−1 exp −R

β

βαΓðαÞ ; [S11]

and

dpðRÞ
dR

¼ pðRÞ
�
α − 1

R
−
1

β

�
: [S12]

Thus, Eq. S10 can be written as
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pðRÞ
��

α − 1

RðhÞ −
1

β

��
dRðhÞ
dh

�
2

þ d2RðhÞ
dh2

�
¼ 0. [S13]

We separately consider the conditions for pðRÞ ¼ 0 and for the
term in square parentheses to be zero. Conditions for
pðRÞ ¼ 0:

For α < 1: R ¼ þ∞; [S14]

and

For α > 1: R ¼ 0; R ¼ þ∞: [S15]

The conditions for the term in square parentheses to be zero
depend on cooperativity and are derived in the following sub-
sections.

Cooperative binding. The transcription rate is defined by

hðRÞ ¼ 1

1þ cRn ; [S16]

where R > 0, c > 0, and n > 1.
Then, hð0Þ ¼ 1 and limR→∞hðRÞ ¼ 0, so

0 < h ≤ 1. [S17]

The conditions S14 and S15 for pðRÞ ¼ 0 can be written using
the corresponding values of hðRÞ:

For α < 1: h ¼ 0; [S18]

and

For α > 1: h ¼ 0; h ¼ 1. [S19]

The formula for the transcription-rate distribution is

qðhÞ ¼ 1

nc
α
nβαΓðαÞ

ð1 − hÞðαn−1Þ
hð

α
nþ1Þ exp

�
−
1

β

�
1 − h
hc

�1
n
�
: [S20]

For α∕n < 1,

lim
h→0

qðhÞ ¼ 0; lim
h→1

qðhÞ ¼ þ∞; [S21]

and for α∕n > 1,

lim
h→0

qðhÞ ¼ 0; lim
h→1

qðhÞ ¼ 0. [S22]

And thus, for α < n a maximum of qðhÞ always exists at h ¼ 1. To
find other extrema of qðhÞ, we look for zeros of the term in the
square parentheses in Eq. S13:

�
α − 1

RðhÞ −
1

β

��
dRðhÞ
dh

�
2

þ d2RðhÞ
dh2

¼ 0. [S23]

The inverse function of h is

RðhÞ ¼
�
1 − h
hc

�
1∕n

: [S24]

We express the derivatives of RðhÞ as
�
dRðhÞ
dh

�
2

¼ 1

RðhÞ2 f 1ðhÞ [S25]

and

d2RðhÞ
dh2

¼ 1

RðhÞ3 f 2ðhÞ; [S26]

where

f 1ðhÞ ¼
½−hn−1cn−1ðh − 1Þ�4∕n

n2ðh − 1Þ2h6c4 [S27]

and

f 2ðhÞ ¼ f 1ðhÞðn − 2hnþ 1Þ: [S28]

After the substitution of Eqs. S25 and S26 into Eq. S23 and
some rearrangements, we get

RðhÞ ¼ −2βnhþ βðnþ αÞ: [S29]

Eq. S29 can be represented graphically as the intersection of RðhÞ
and a straight line. We rotate this graph by 90° and obtain the
graphical representation for the inverse functions:

hðRÞ ¼ −
1

2nβ
Rþ αþ n

2n
; [S30]

where hðRÞ is the transcription rate given by Eq. S16. The inter-
section points can be determined graphically.

Noncooperative binding. The construction for noncooperative
binding of n repressors is analogous. The transcription rate is

hðRÞ ¼ 1

ð1þ cRÞn ; [S31]

RðhÞ ¼ 1 − h1∕n

ch1∕n
: [S32]

The distribution of the transcription rates is

qðhÞ ¼
ðh−1∕n − 1Þðα−1Þ exp½− h−1∕n−1

βc �h−ð1þnÞ∕n

nβαcαΓðαÞ ; [S33]

and for α < 1 there always exists a maximum of qðhÞ at h ¼ 1.
After similar calculations as in the Cooperative binding section,
we find that the other extrema of the distribution qðhÞ are defined
by the intersection points of the function RðhÞ and a linear func-
tion of h1∕n:

RðhÞ ¼ −βðnþ 1Þh1∕n þ βðαþ nÞ: [S34]

We change the variables:

z ¼ h1∕n: [S35]

Then, the rescaled transcription rate is defined by the function

zðRÞ ¼ 1

1þ cR
: [S36]

The extrema of the rescaled distribution qðzÞ are defined by the
intersection points of the function zðRÞ and a straight line:
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zðRÞ ¼ −
1

βðnþ 1ÞRþ αþ n
nþ 1

: [S37]

After rescaling h ¼ zn, we regain the extrema of the original
distribution qðhÞ. Note that the rescaling does not change the
number or type of the extrema, so the graphical construction
based on Eq. S37 is sufficient to see whether qðhÞ is bimodal.

4 Moments of the Transcription-Rate Distribution.

hhmi ¼
Z

1

0

hmqðhÞdh: [S38]

For the noncooperative case, substitute x ¼ ðh−1∕n − 1Þ∕ðβcÞ to
get Eq. 9. For the cooperative case, substitute x ¼ β−1½ð1 − hÞ∕
ðhcÞ�1∕n to get Eq. 10. The solutions of the integrals of Eqs 9
and 10, although lengthy, are easily obtained using a symbolic
algebra software, such as Maple. Below are example solutions
to Eq. 9 (noncooperative):

hhin¼1 ¼
e1∕βc

ðβcÞα Γ
�
1 − α;

1

βc

�
; [S39]

and

hh2in¼1 ¼ hhin¼2 ¼
α

βc
e1∕βc

ðβcÞα Γ
�
−α;

1

βc

�

þ e1∕βc

ðβcÞα ðα − 1ÞΓ
�
1 − α;

1

βc

�
: [S40]

And here is an example solution to Eq. 10 (cooperative):

hhin¼2 ¼
�

1

β
ffiffiffi
c

p
�

α−1
2

S1
2
−α;1

2

�
1

β
ffiffiffi
c

p
�
ðα − 1ÞΓðα − 1Þ 1

ΓðαÞβ ffiffiffi
c

p ;

[S41]

where Sμ;νðzÞ is the Lommel function. Note that for arbitrary c the
transcription-rate distribution qðhÞ depends on three parameters:
n, α, and cβ in the noncooperative case, and n, α, and cβn in the
cooperative case.

5 Transcriptional Leakage. When the transcriptional leakage is
present [a synthesis of mRNA takes place even for the operator
state occupied by repressor/repressors (with rate kml) and does
not change with the number of repressors that are bound to
operator] the transcription rate is given by

transcription rate ¼ kmOþ kmlðROþ…þ RnOÞ
¼ kmOþ kmlð1 −OÞ ¼ hðRÞðkm − kmlÞ þ kml:

[S42]

Hence, the transcriptional leakage does not change the transfer
function. Examples of protein distributions with increasing leak-
age for noncooperative case with n ¼ 1 are shown in Fig. S9. The
increase of the transcriptional leakage shifts left peak in the pro-
tein distribution toward higher levels of proteins. Finally, when
kml ≈ km the distribution converges to unimodal.

6 Bimodality due to Transcriptional Pulsing. We tested the behavior
of the system beyond the range where the kinetics of TF binding/
unbinding is faster than other reactions in the system: We de-
creased both kon and koff (multiplying them by the factor 10−s

and keeping constant c ¼ kon∕koff), thus increasing the mean
time between the consecutive events of TF binding and unbinding
(Fig. S6). The bimodality of the mRNA distribution abruptly in-
creases at s ¼ 2 (Fig. S3A), when the slowest rate of the transcrip-
tion process (in our study, kdm, Fig. S3C) exceeds koff (the slowest
rate connected with TF binding/unbinding). Similarly, the bimod-
ality of the protein distribution increases abruptly at s ¼ 3

(Fig. S3B), when koff is smaller than the slowest rate of both tran-
scription and translation stages (in our study, kdp, Fig. S3C). On
those time scales, noise filter induced bimodality (NFIB) makes a
transition to bimodality due to transcriptional pulsing (BTP). The
left peak moves toMrepr ¼ 0 or, respectively, to Prepr ¼ 0 because
the mRNA or protein has enough time to totally degrade while
the TF is bound to the operator. The right peak moves to the
right, to the values of Mfree or Pfree corresponding to the maxi-
mum production of mRNA or protein in the total absence of TF.

7 Distributions of mRNA and Proteins in the Absence of Intrinsic
Noises. Without the transcriptional and translational noises
(i.e., in the case of a very large number of mRNA and protein
molecules), the stationary numbers of mRNA and target protein
for a given R can be calculated from the deterministic rate equa-
tions (Eq. S6). The stationary mRNA number is then KMhðRÞ,
where KM ¼ km∕kdm, and the stationary number of proteins is
KPhðRÞ, where KP ¼ kmkp∕kdmkdp. The distributions of mRNA
pmrnaðMÞ and protein pprotðPÞ are then proportional to qðhÞ:

KMpmrna

�
M
KM

�
¼ KPpprot

�
P
KP

�
¼ qðhÞ: [S43]

A B C

Fig. S1. Steady-state probability distribution of repressor number per cell is a gamma distribution, determined by the parameters α and β (Eq. 1). The
distributions shown here were used in the simulations whose results are shown in Fig. S3 (A), Fig. S4 (B) and Fig. S5 (C). (A) The parameters of repressor
synthesis and degradation used to obtain the distributions are the same as in Fig. 3D (α ¼ 0.5, β ¼ 50). (B) kmr ¼ 1 × 10−4, kdmr ¼ 0.01, kr ¼ 0.5, and
kdr ¼ 10−4 (α ¼ 1.0, β ¼ 50). (C) kmr ¼ 2.01 × 10−4, kdmr ¼ 0.01, kr ¼ 0.163, and kdr ¼ 10−4 (α ¼ 2.01, β ¼ 16.3).
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A B C

Fig. S2. Transcriptional and translational noises decrease the bimodality of mRNA and target protein distributions. Solid lines, theoretical predictions. Dots,
stochastic simulations. (A and B) For constant kdm and kdp, decreasing km or kp increases the number of target mRNA or, respectively, protein molecules, thus
decreasing the transcriptional and translational noises. As those noises decrease, the distributions of mRNA and protein numbers (rescaled as in Eq. S43) tend to
the distribution qðhÞ of the transcription rates, Eq. 4. (A) The bimodality of the mRNA distribution increases as the translation rate km increases. kdm ¼ 0.1,
kon ¼ 1, koff ¼ 10, kmr ¼ 5 × 10−5, kdmr ¼ 0.01, kr ¼ 0.5, kdr ¼ 10−4, and the other parameters are the same as in Fig. 2A with β1. (B) The bimodality of the
protein distribution increases as the translation rate kp increases. The transcription rate km ¼ 1 (A, blue line). Note that the mRNA distribution for this case has
lost its bimodality because of excessive transcriptional noise, but the protein distributions recover bimodality when the protein abundance is large enough.
kdp ¼ 0.01, and the other parameters are the same as inA. (C) For a constant abundance of the target protein, the bimodality of their distributions decreases as
the translational efficiency increases. The mean number of protein bursts per cell cycle ahhðRÞi and the protein burst size b (see Eq. 12) are chosen in such a way
that the mean number of proteins abhhðRÞi is constant. Other parameters are the same as in Fig. 2A with β1.

A B C

FED

Fig. S3. Ranges of validity of the theoretical predictions of the mRNA and protein distributions, calculated as the Kullback–Leibler (KL) divergence between
the analytical and simulated distributions (α < 1 for the noncooperative case; here, the operator region of the target gene contains n ¼ 1 repressor binding
site). (A and B) The bimodality of mRNA and protein distributions abruptly increases (transition from NFIB to BTP) as the switching between the free and
repressed states of the operator becomes slower than the transcription (A) and translation (B). The TF binding/unbinding is slowed down by increasing
the scaling factor s in kon ¼ 1 × 10−s and koff ¼ 10 × 10−s. Solid line, theoretical predictions, Eqs. 13 and 14. Dashed line, mean abundance of mRNA and protein
in the absence of repressor. (C) KL divergence for the transition from NFIB to bimodality due to transcriptional bursting depends on how fast the operator
occupancy varies compared to the response of the target gene. The theoretical predictions of the bimodal mRNA (Eq. 13, black solid line) and protein dis-
tributions (Eq. 14, red solid line) are valid when the mRNA or, respectively, protein degradation is slower than the decay of the repressor-operator complex
(black vertical line, koff ¼ kdm; red vertical line, koff ¼ kdp). (D and E) The bimodality of mRNA and protein distributions decreases as the degradation rate kdm of
the mRNA or the degradation rate kdp of the protein becomes slower than the degradation rate of TFs because the TF number experienced by the target gene
is no longer constant (solid line, theoretical predictions, Eqs. 13 and 14). When the variation of TF number R is faster than the time scales of the target gene
response, the unimodal distributions are theoretically calculated from Eqs. 11 and 12 with hhðRÞi (dashed line). The parameters of the target gene are multi-
plied by 10−s, keeping constant the mean abundance of mRNA and protein. (F) KL divergence for the transition from NFIB to the unimodal distribution,
generated when the target gene experiences the averaged transfer function hhðRÞi, depends on how fast the repressor abundance varies compared to
the response of the target gene. The theoretical predictions of the bimodal mRNA (Eq. 13, black solid line) and protein distributions (Eq. 14, red solid line)
are valid when the mRNA or, respectively, protein degradation is faster than the repressor degradation (black vertical line, kdm ¼ kdr ; red vertical line,
kdp ¼ kdr ). The theoretical predictions of the unimodal mRNA [Eq. 11 with hhðRÞi, black dashed line] and protein distributions [Eq. 12 with hhðRÞi, red dashed
line] become valid when the repressor synthesis and degradation are very fast compared to the response of the target gene. The data in E are the same as in
Fig. 4. The plot is shown here for comparison, with the scaling parameter s, which allows comparison of the KL divergence for mRNA and proteins: For s ¼ 2,
mRNA is still bimodal, whereas the proteins lose the bimodality.
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A B C

FED

Fig. S4. Ranges of validity of the theoretical predictions of the mRNA and protein distributions, calculated as the KL divergence between the analytical and
simulated distributions (α < n for the cooperative case; here, the operator region of the target gene contains n ¼ 2 repressor binding sites). Parameter values
for repressor synthesis and degradation are the same as in Fig. S1B. Other parameters used were as follows: km ¼ 0.5, kdm ¼ 0.01, kp ¼ 0.01, kdp ¼ 0.001,
(binding/unbinding of the first repressor to/from the operator site) k1

on ¼ 0.01∕k1
off ¼ 100, and (binding/unbinding of the second repressor to/from the operator

site) k2
on ¼ 2.0∕k2

off ¼ 0.2. (A and B) The transition fromNFIB to BTP for mRNA (A) and protein (B). The parameter values for binding/unbinding of repressors are
scaled with the factor 10−s, keeping constant the mean abundance of mRNA and protein. (C) KL divergence between the simulated and calculated mRNA
distribution (A) or, respectively, protein distribution (B). The notation is the same as in Fig. S3C. The rate constant for freeing the operator from two repressors:
koff ¼ k1

offk
2
off∕ðk1

off þ k2
off þ k2

onαβÞ. (D and E) Decrease of bimodality due to fast bursting of the regulatory gene. Parameter values of the target gene are
multiplied by 10−s. (F) KL divergence between the simulated and calculated mRNA distribution (E) or, respectively, protein distribution (F). The symbols and
notation are the same as in Fig. S3F.
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A B C

D E F

Fig. S5. Ranges of validity of the theoretical predictions of the mRNA and protein distributions, calculated as the KL divergence between the analytical and
simulated distributions (α > n for the cooperative case; here, the operator region of the target gene contains n ¼ 2 repressor binding sites). Parameters for
regulatory gene correspond to Fig. S1C. Other parameter values are the same as in Fig. S4.

A B

Fig. S6. Time series of protein numbers in single cells, corresponding to the bimodal gene expression shown in Fig. S3B, for s ¼ 1 (NFIB, A) and s ¼ 4 (BTP, B).
Gray boxes correspond to the time windows in which the operator is free. (A) Static bimodality. In the case of NFIB, each cell remains at its own expression level
because the repressor binding/unbinding is much faster than the response of the target gene. The time courses of protein numbers for 20 cells are plotted.
(Inset) A selected trajectory (bold line) in the time window indicated by the black rectangle on the main plot. Parameters: kon ¼ 0.1, koff ¼ 1. (B) Dynamic
bimodality. In the case of BTP, the expression level of an individual cell varies in time because the repressor binding/unbinding is sufficiently slow for the target
gene to respond. Parameters: kon ¼ 10−4, koff ¼ 10−3.
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A B

Fig. S7. Time series of protein and repressor numbers corresponding to the bimodal and unimodal gene expression shown in Fig. S3E for s ¼ 1 (NFIB, A) and
s ¼ 5 (unimodal gene expression due to frequent bursting of the regulatory gene, B). (A) Bursting of the target gene takes place when the abundance of the
regulatory protein is constant. (B) Bursting of the regulatory gene is much faster than the response of the target gene, so that the target protein is synthesized
with a constant rate proportional to the average value of the transfer function, hhðRÞi.

A B

Fig. S8. Maximal noise ηh produced by TFs. (A) Noncooperative binding of TF with n ¼ 1. (B) Cooperative binding of TFs with n ¼ 2. White line, boundaries of
the bimodal region (upper left corner). ηh has a maximum; however, it is not connected with bimodality.

Fig. S9. Protein distributions in case of transcriptional leakage for noncooperative case with n ¼ 1. Distributions were calculated using Eq. 14 with
a ¼ ðhðRÞðkm − kmlÞ þ kmlÞ∕kdp Parameters: km ¼ 5, kdm ¼ 0.1, kp ¼ 0.1, kdp ¼ 0.01, c ¼ 0.1.

Table S1. Conditions for unimodal and bimodal distribution of
transcription rates

TF binding

Cooperative* Noncooperative†

Intersections‡ α < n α > n α < 1 α > 1

0 Unimodal — Unimodal —
1 — Unimodal — Unimodal
2 Bimodal — Bimodal —
3 — Bimodal — —

*Transfer function hðRÞ, Eq. 3; LðRÞ, Eq. 8.
†Rescaled transfer function zðRÞ, Eq. 5; LðRÞ, Eq. 6.
‡Number of the intersections between the transfer function and LðRÞ.
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Table S2. List of chemical reactions considered in
the model of two-step gene cascade

Regulatory gene Target gene Regulation

OR→
kmrMR þOR O→

kmM þO RþO ⇌
k1on

k1
off

RO

MR →
kdmr

∅ M→
kdm

∅
..
.

MR→
kr RþMR M→

kp
P þM Rþ Rn−1O ⇌

kn
on

knoff

RnO

R→
kdr

∅ P→
kdp

∅

Ochab-Marcinek and Tabaka www.pnas.org/cgi/doi/10.1073/pnas.1008965107 8 of 8

http://www.pnas.org/cgi/doi/10.1073/pnas.1008965107

